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Abstract
Calculations performed within the Standard Model suggest that
the electroweak vacuum is unstable if the mass of the Higgs particle
is around 125 — 126 GeV. Recent LHC results concerning the mass
of the Higgs boson indicate that its mass is around 125.7 GeV. So it
is possible that the vacuum in our Universe may be unstable. This
means that it is reasonable to analyze properties of Universes with
unstable vacua. We analyze properties of an ensemble of Universes
with unstable vacua considered as an ensemble of unstable systems
from the point of view of the quantum theory of unstable states and
we try to explain why the universes with the unstable vacuum needs
not decay.
Key words: Unstable (false) vacuum, Quantum decay process, Cosmological
constant problem
1 Introduction
In cosmology a discussion of a problem of the false vacuum and the possibility
of its decay began from the papers by Coleman and his colleagues [1, 2].
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Krauss in [3] analyzing properties of the false vacuum as a quantum unstable
(quasi–stationary) state |M〉 drawn an attention to the problem that there
may exist universes in which the lowest energy state is the false vacuum
state and such that they can survive up to the times much later than times t
when the canonical exponential decay law holds (see also [4]). The study of
cosmological models with unstable vacua have become particularly important
in the context of the discovery of the Higgs boson and of finding its mass mH
to be mH ≃ 125.7 [GeV] [5]. It is because the Standard Model calculations
performed for the Higgs particle suggests that the electroweak vacuum is
unstable if the mass of the Higgs particle is around 125 — 126 GeV [6, 7,
8, 10], which means that our Universe may be the Universe with unstable
vacuum. In this paper we analyze multiverse made up of ensembles of stable
and unstable universes. The property of the universe ”to be unstable” or ”to
be stable” is determined by properties of the vacuum state: If the vacuum
state of the universe is a false vacuum then this vacuum state is unstable and
it decay into the true vacuum state and thus this universe decays too. The
decay of the false vacuum is a quantum decay process. So the quantum theory
of unstable states seems to be an appropriate tool for the general analysis of
the decay process of the false vacuum state and may help in understanding
and explaining the various subtleties and properties of this process. The
important question is under what conditions some universes can survive up
to times much later than the canonical decay times and how long they are able
to survive. An answer for these question can be found considering unstable
universes as an ensemble of unstable quantum particles.
The paper is organized as follows: In Sec. 2 one can find a quantum
description of the decay process. In Sec. 3 a simplified toy model of the
combined process of the expansion of a Universe with unstable vacuum and
of the quantum decay process of the unstable vacuum state is analyzed. Sec.
4 contains analysis of the long time properties of the survival amplitude and
connected with these properties a behavior of the decay rate as a function of
time t. In Sec. 5 a connection of properties of the energy of the metastable
vacuum state as a function of time t and the vacuum energy density is con-
sidered. Sec. 6 contains a discussion and conclusions.
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2 Quantum description of the decay process
From experiments it is known that for some unstable systems decay process
is relatively fast or very fast while for others it is slow or very slow. The
rate of this process is characterized by parameter called the ”lifetime” or the
”decay rate”. In decay experiments one has an ensemble of unstable physical
systems in a certain area, which is surrounded by counters that detect decay
products. The counting rate, i.e. the number of decay per second δN(t)
δt
, is
proportional to the number of unstable particles N(t) in a given volume at
instant t. The proportionality coefficient,
λ =
δN(t)
δt
N(t)
, (1)
is connected with the average lifetime (or simply lifetime) of the unstable
objects considered. Indeed, if N(t) is very large, then the ratio of N(t) by
the initial number N0 of such object at t0 = 0, N0 = N(t0 = 0), in this area
is the probability, P(t), of finding an unstable object in this area at a given
instant of time t undecayed (i. e. of the survival probability P(t)): There
is P(t) ≃ N(t)/N0 and limt→∞ N(t) = 0 so P(∞) = 0 and P(0) = 1. The
number of decays δN(t) per unit of time δt equals: δN(t) ≃ N(t)−N(t+ δt)
and there is N(t) > N(t+ δt) in the case of decay process considered. Thus
lim
δt→0
δN(t)
δt
= −
dN(t)
dt
, (2)
and the solution of Eq. (1) in the case δt→ 0 takes the following form
N(t)
N0
= e−λt. (3)
So, in this case P(t) ≃ exp [−λt] and the density of the probability of de-
cay at time t during the time interval dt, ρP(t), equals ρP(t) = −
dP(t)
dt
≡
λ exp[−λt] ≡ λP(t). It is easy to verify that
∫
∞
0
ρP(t) dt = 1 as it should
be. Using ρP(t) one can find the average lifetime as
τ = 〈t〉 =
∫
∞
0
t ρP(t)(t) dt ≡
1
λ
. (4)
Thus, in general
λ ≡
1
τ
= −
dP(t)
dt
P(t)
def
=
Γ
~
, (5)
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where Γ is the decay rate.
Within the quantum theory, similarly as in the classical physics case, the
number of particles N(t), which at the time t has been found as a living
in the area considered, is equal to the product of the probability, P(t), of
finding an unstable object in this area at a given instant of time t undecayed
(i. e. of the survival probability P(t)) and the initial number N0 of such
objects:
N(t) = P(t)N0. (6)
The survival probability P(t) (or the decay law) is defined as follows:
P(t) = |A(t)|2, (7)
where
A(t) = 〈M |M(t)〉, (8)
is the survival amplitude and |M〉 ∈ H (where H is the Hilbert space of
states of the considered system) is the unstable (metastable) state under
considerations, |M(t)〉 is the solution of the Schro¨dinger equation
i ~
∂
∂t
|M(t)〉 = H |M(t)〉, (9)
for the initial condition |M(0)〉 = |M〉, H is the total self–adjoint Hamilto-
nian for the system under consideration. Hence |M(t)〉 exp [− i
~
tH] |M〉.
From (5), (7) we obtain that,
Γ
~
≡
Γ (t)
~
= −
( 1
A(t)
∂A(t)
∂t
+
1
A∗(t)
∂A∗(t)
∂t
)
. (10)
If to define the following quantity [12]:
hM(t) =
i~
A(t)
∂A(t)
∂t
(11)
then the relation (10) means that simply
Γ (t) = −2ℑ [hM(t)], (12)
where ℑ [z] denotes the imaginary parts of z (similarly, ℜ [z] is the real part
of z).
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Now let us focus an attention on the survival amplitude A(t) and on the
survival probability P(t) given by (8) and (7). P(t) is the probability to
find the system at time t in the metastable state |M(0)〉 ≡ |M〉 prepared in
the initial instant t0 = 0. If there was suitable large number N0 of identical
unstable objects at the initial instant t0 = 0 then according to (6) one should
detect N(t) = P(t)N0 < N0 of them at t > t0 = 0 . There is no such a
simple correspondence of P(t) with the results of measurements when one is
able to prepare only one particle (or a few particles) at t0 = 0. When one
is able to prepare at t0 = 0 a system containing only one unstable objects
and to make a large number N0 of indistinguishable copies of this system at
t = t0 then the problem reduces to the previous one: N(t) = P(t)N0 copies
of the system will contain this unstable object undecayed at t > t0 = 0.
When there are no N0 ≫ 1 copies of the system at t = t0 but one has to deal
with only one particle system then one can never be sure whether one will
detect this particle undecayed at t > t0 or not. This same concerns a universe
with the metastable (false) vacuum: One can expect that an ensemble of N0
universes with unstable vacua will behave analogously as a system containing
N0 unstable objects. So, let |M〉 ≡ |0
M〉 be the metastable (false) vacuum
state of a universe considered and |0M〉 6= |0 true〉, (where |0 true〉 is the true
ground state describing the state in which the energy of the system under
considerations has the absolute minimum). Let this universe were created at
the instant t = t0 = 0 and volume occupied by this universe at t = t0 = 0
were V0 = V (t) t=0. Thus in fact one should take into account that there is
|0M〉 ≡ |0M ;V0〉, where |0
M ;V0〉 is the vacuum state of the universe of volume
V0. It is convenient to choose the normalization condition for |0
M ;V0〉 in the
following form,
〈V0;
M0|0M ;V0〉 = 1. (13)
In this case an analysis of the survival probability P(t) can not give a con-
clusive answer whether the universe of volume V0 will still exist in the state
|0M ;V0〉 at instant t > t0 or not. The problem becomes much more compli-
cated if to take into account that in addition to the pure quantum tunneling
process leading to decay of the false vacuum state [1, 2], there is another com-
pletely different process forcing the universe of volume V0 to expand. This
effect was considered in [3], where Krauss and Dent analyzing a false vac-
uum decay pointed out that in eternal inflation, even though regions of false
vacua by assumption should decay exponentially, gravitational effects force
the space region volume V0 that has not decayed yet to grow exponentially
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fast. This effect causes that many false vacuum regions or many universes
forming a multiverse can survive up to the times much later than times when
the exponential decay law holds. What is more, particle physics can provide
us with hints suggesting what may happen in such or similar cases: A free
neutron is unstable and decays but the neutron inside a nucleus is subjected
exposed to other additional interactions and does not decay. These processes
both can be described using the survival amplitude (8),
A(t) ≡ 〈M |e−
i
~
tH|M〉, (14)
with suitable Hamiltonians H. There is H = HW in the case of the free
neutron and there isH = HW+HS for the neutron inside a nucleus. HereHW
describes weak interactions where as HS denotes strong and electromagnetic
interactions. For the free neutron we have |A(t)|2 → 0 as t → ∞. This
property is not the case of the neutron inside the nucleus. In general, when an
unstable particle is subjected to different interactions described by suitable
commuting Hamiltonians, then it may happen that the decay process can be
slowed or even stopped. So when analyzing the stability of the false vacuum
state by means of the survival amplitude A(t) the correct conclusion can
not be drawn if to use only the Hamiltonian H describing the ”pure” decay
through quantum tunneling. One can expect that the correct result can be
obtained if to replace this H in (8), (14) by the summ H +HV , where HV
describes more or less accurately the expansion process of the volume V0.
3 A simplified toy model
Astrophysical observations lead to the conclusions that our Universe is ex-
panding in time. In [3] an observation was made that in inflationary pro-
cesses, even some space regions of false (unstable) vacua decay exponentially,
gravitational effects force space in a region that did not have time to decay
to itself to grow exponentially fast (see also [4]). So in general the expansion
process affect the process of decay of the universes (domains) with the false
vacua. The problem is how to describe this expansion so that variations in
time of the volume V (t) occupied by the Universe had the form of Schro¨dinger
Equation (9) or a similar form with a suitable effective hamiltonian HV . The
volume V (t) is an increasing function of time t in the present epoch, so its
evolution is non–unitary and HV can not be hermitian. The non–unitary
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evolution operator solving the Schro¨odinger–like equation with this HV and
acting on the initial state |0M ;V0〉 should transform this state into the vector
|ψ(t)〉 = |0 false(t);V (t)〉 ≡ α [V (t)]1/2 exp [− i
~
tH ]|0 false;V0〉, where α is a
complex or real number. The simplest HV , which seems to be sufficient for
the simplified qualitative analysis of the problem, may be chosen as follows,
HV ≡ HV (t) = (EV + i ~
d
dt
ln [a3/2(t)]) I (15)
= (EV + i ~
3
2
H(t)) I, (16)
where a(t) is the scale factor, H(t) = a˙(t)
a(t)
is the Hubble parameter, a˙(t) =
d
dt
a(t) (in the general case f˙(t) ≡ df(t)
dt
), I is the unit operator, HV is the non–
hermitian effective Hamiltonian, EV is a real parameter having dimension of
the energy. We are looking for the solutions of the Scro¨dinger equation with
the hamiltonian (H+HV ) and a matrix element of the form 〈V0;
false 0|ψ(t)〉
with |ψ(0)〉 = |0M ;V0〉. So we need solutions of the following equation
i~
d
dt
|ψ(t)〉 = (H +HV ) |ψ(t)〉, (17)
with the initial condition |ψ(0)〉 = |0M ;V0〉. Here H is a hermitian operator
(Hamiltonian) responsible for the decay of the false vacuum state |0M ;V0〉
and [H,HV ] = 0. Now, let |ψ(t)〉 be of the form
|ψ(t)〉 = e−
i
~
tH |M(t)〉, (18)
and
|M(0)〉 = |0M ;V0〉. (19)
Inserting (18) into (17) one obtains
H e−
i
~
tH |M(t)〉 + e−
i
~
tH i
d
dt
|M(t)〉 = H e−
i
~
tH |M(t)〉
+ e−
i
~
tHHV |M(t)〉, (20)
This means that our problem comes down to finding a solution of the follow-
ing equation
i~
d
dt
|M(t)〉 = (EV + i~
d
dt
ln [a3/2(t)])|M(t)〉. (21)
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From this last equation it follows that vectors d
dt
|M(t)〉 and |M(t)〉 are par-
allel vectors at every instant of time t. Replacing the left hand side of (21)
by a differential quotient,
|M(t + δt)〉 − |M(t)〉
δt
,
leads to the conclusion that for any δt and t (including t = 0) vectors |M(t+
δt)〉 and |M(t)〉 are the parallel vectors. It is possible only if
|M(t)〉 = f(t) |M(0)〉 ≡ f(t)|0M ;V0〉, (22)
where f(t) is a real or complex scalar function and f(0) = 1. Thus we can
rewrite Eq. (21) as follows
i~
df(t)
dt
|0M ;V0〉 = (EV + i~
d
dt
ln [a3/2(t)]) f(t) |0M ;V0〉. (23)
Solutions of this equation have the following form,
f(t) = Nf e
− i
~
tEV e+
∫ t
0
d
dx
ln [a3/2(x)] dx f(0)
≡ Nf e
− i
~
tEV a3/2(t), (24)
where Nf is a normalization factor. Now inserting this solution into (22) and
then using (18) we obtain the solution, |ψ(t)〉, of Eq. (17),
|ψ(t)〉 = Nf e
− i
~
tEV a3/2(t) e−
i
~
tH |0M ;V0〉. (25)
Thus
〈V0;
false 0|ψ(t)〉 ≡ Nfe
− i
~
tEV a3/2(t) 〈V0;
false 0| e−
i
~
tH |0M ;V0〉, (26)
and
pi(t)
def
= | 〈V0;
false 0|ψ(t)〉 |2 ≡ N2f a
3(t)P0(t), (27)
where
P0(t)
def
= | 〈V0;
false 0| e−
i
~
tH |0M ;V0〉 |
2, (28)
is the survival probability of the system in the initial false vacuum state
|0M ;V0〉 assuming that volume V0 occupied by this system remains unchanged.
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Function pi(t) describes the combined effect of the processes of a decay and
an expansion of the initially created universes.
There is V (t) = a3(t) V0 but the normalization condition (13) allows us
to write volume V (t) as V (t) ≡ a3(t). So
pi(t) ≡ N2f V (t)P0(t), (29)
and
pi(t)N0 ≡ N
2
f V(t)P0(t), (30)
where N0 is the number of universes of volume V0 created at the initial instant
t0 = 0 with the vacua described by |0
M ;V0〉 and V(t) is volume occupied by
all these universes at the instant t > 0 and it corresponds with N(t) in
(6). Relations (29), (30) describe the combined effect of the processes of a
decay and of an expansion of the initially created universes of volumes V0. In
the case when the disintegration process is the dominant process then pi(t)
appearing in (30) is a decreasing function of time t and it tends to zero as
t → ∞. If the expansion process prevails over the decay process or these
processes both are in balance then pi(t) is non–decreasing function of t. In
such a case
d
dt
pi(t) ≥ 0, (31)
that is,
d
dt
[pi(t)N0] ≡ N
2
f
(
V˙(t)
V(t)
+
P˙0(t)
P0(t)
)
V(t)P0(t)
= N2f
(
3
a˙(t)
a(t)
−
Γ (t)
~
)
V(t)P0(t)
= N2f
(
3H(t) −
Γ (t)
~
)
V(t)P0(t) ≥ 0. (32)
So, if there exists such t = tL > 0 that for all t ≥ tL the relation,
dH,Γ
def
= 3H(t) −
Γ (t)
~
≥ 0, (33)
takes place then the function pi(t) is a non–decreasing function of time t (it
increases or is constant in time). This means that in such a case the decay
process of the volumes V (t) = a3(t) V0 should be stopped. Therefore if some
universes had the luck to survive until time tL such that for all t ≥ tL the
relation (33) was fulfilled then these universes should be found undecayed at
all times t latter then tL.
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4 Decay rate Γ (t)
From basic principles of quantum theory it follows that the amplitude A(t),
and thus the decay law P(t) of the unstable state |M〉, can be completely
determined by the density of the energy distribution ω(E) for the system in
this state [14, 15]
A(t) =
∫
Spec.(H)
ω(E) e−
i
~
E t dE. (34)
where ω(E) ≥ 0.
In [16] assuming that the spectrum of H must be bounded from below,
Spec.(H)
def
= σ(H) = [Emin,∞) and Emin > −∞, and using the Paley–
Wiener Theorem [17] it was proved that in the case of unstable states there
must be
|A(t)| ≥ B e−b t
q
for |t| → ∞, (35)
(where B > 0, b > 0 and 0 < q < 1). This means that the decay law
P(t) of unstable states decaying in the vacuum can not be described by an
exponential function of time t if time t is suitably long, t → ∞, and that
for these lengths of time P(t) tends to zero as t→∞ more slowly than any
exponential function of t. The analysis of the models of the decay processes
shows that P(t) ≃ exp[−Γ 0M t/~], to a very high accuracy from t suitably
later than the initial instant t0 = 0 up to t ≫ τM , (where τM = ~/Γ
0
M is
the life–time of the state |M〉, Γ 0M is the decay width of the unstable state
|M〉 calculated within the one pole approximation [18]), and smaller than
t = T , where T is the crossover time and denotes the time t at which the
non–exponential deviations of A(t) begin to dominate.
In general, in the case of quasi–stationary (metastable) states it is con-
venient to express A(t) in the following form
A(t) = Aexp(t) + Alt(t), (for t≫ τM), (36)
where Aexp(t) is the exponential part ofA(t), that isAexp(t) = N exp[−
i
~
t(E0M
− i
2
Γ 0M)], (N is the normalization constant, E
0
M is the energy of the system
in the unstable state |M〉 calculated within the one pole approximation),
and Alt(t) is the late time non–exponential part of A(t). For times t ∼ τM :
|Aexp(t)| ≫ |Alt(t)|. The crossover time T is the time when contributions to
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the survival probability P(t) of its exponential and late time non-exponential
parts are the same:
|Aexp(t)|
2 = |Alt(t)|
2, (37)
and T is the solution of this equation.
In an experiment described in the Rothe paper [19], the experimental
evidence of deviations from the exponential decay law at long times, later
than the crossover time T , was reported. This result gives rise to another
problem which now becomes important: If (and how) deviations from the
exponential decay law at long times affect the energy of the unstable state
and its decay rate at this time region.
From relations (7), (10), (12) it is seen that the amplitude A(t) contains
information about the decay law P(t) of the state |M〉 and about the decay
rate Γ (t). It was also shown that using (11) the information about the energy
EM(t) of the system in the unstable state considered can also be extracted
from the survival amplitude A(t): The energy of the system in the unstable
state |M〉 (the instantaneous energy), EM(t), is equal to the real part of the
effective hamiltonian hM (t) (see eg. [12]),
EM(t) = ℜ [hM(t)]. (38)
From the bound (35) for the amplitude A(t) and from (7) it follows that
at long time region the lowest bound for the survival probability P(t) has
the form
P(t) ∼ B2 e−2bt
q
for |t| → ∞. (39)
This and the relation (5) lead to the conclusion that (see [12])
Γ (t) ∼ 2~bq tq−1 for |t| → ∞, (40)
and thus Γ (t) → 0 as t → ∞. A more accurate estimation of Γ (t) can be
found using the amplitude A(t) instead of the bound (35) for the modulus
|A(t)| of A(t).
So let us assume that we know the amplitude A(t). Equivalently it is
sufficient to know the energy distribution ω(E) of the system in the unstable
state considered: In such a case A(t) can be calculated using (34). Then
starting with the A(t) and using the expression (11) one can calculate the
effective Hamiltonian hM(t) in a general case for every t. Thus, one can find
expressions for the instantaneous energy and the instantaneous decay rate of
the system in the state |M〉 under considerations at canonical decay times
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t ∼ τM ≪ T , transition times t ∼ T and asymptotically late times t ≫ T
(for details see: [20, 21, 22]).
The integral representation (34) of A(t) means that A(t) is the Fourier
transform of the energy distribution function ω(E). Using this fact we can
find asymptotic form of A(t) for t→∞, that is Alt(t) [21].
Let us assume now that limE→Emin+ ω(E)
def
= ω0 > 0 and
ω(E < Emin) = 0. Let derivatives ω
(k)(E), (k = 0, 1, 2, . . . , n), be continuous
in [Emin,∞), (that is let for E > Emin all ω
(k)(E) be continuous and all
the limits limE→Emin+ ω
(k)(E) exist) and let all these ω(k)(E) be absolutely
integrable functions then
A(t) ∼
t→∞
−
i~
t
e−
i
~
Emint
n−1∑
k=0
(−1)k
(i~
t
)k
ω
(k)
0 = Alt(t), (41)
where ω
(k)
0
def
= limE→Emin+ ω
(k)(E) (see [21, 22]).
Let us consider now ω(E) having universal and general form. Namely let
ω(E) be of the form
ω(E) = (E − Emin)
λ η(E) ∈ L1(−∞,∞), (42)
where 0 < λ < 1 and it is assumed that η(Emin) > 0, η(E < Emin) = 0
and derivatives η(k)(E), (k = 0, 1, . . . , n), exist and they are continuous in
[Emin,∞), and limits limE→Emin+ η
(k)(E) exist, limE→∞ (E−Emin)
λ η(k)(E) =
0 for all above mentioned k, then [21]
A(t) ∼
t→∞
(−1) e−
i
~
Emint
[(
−
i~
t
)λ+1
Γ(λ+ 1) η0 (43)
+ λ
(
−
i~
t
)λ+2
Γ(λ+ 2) η
(1)
0 + . . .
]
= Alt(t),
where Γ(z) is the Euler’s Gamma Function.
Starting from the asymptotic expression (43) for A(t) and using (11) after
some algebra one finds for times t≫ T that
hM(t) t→∞ ≃ Emin + (−
i~
t
) c1 + (−
i~
t
)2 c2 + . . . , (44)
where ci = c
∗
i , i = 1, 2, . . . , (coefficients ci depend on ω(E)).
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This last relation means that (see [23]),
Γ (t) ≃ 2 c1
~
t
− 2c3
~
3
t3
. . . , (for t≫ T ), (45)
and similarly
EM(t) ≃ Emin − c2
~
2
t2
+ c4
~
4
t4
+ . . . , (for t≫ T ), (46)
These properties take place for all unstable states which survived up to times
t≫ T . From (46) it follows that limt→∞ EM(t) = Emin.
For the most general form (42) of the density ω(E) (i. e. for A(t) having
the asymptotic form given by (43) ) we have
c1 = λ+ 1 > 0, c2 = (λ+ 1)
η(1)(Emin)
η(Emin)
> 0. (47)
The sign of c2 depends on the model considered.
The typical form of the survival probability P(t) = |A(t)|2 at transition
times is expressed below in panel A of Fig (1) and Fig (2). The behavior
of Γ (t) at canonical decay times t ≪ T , at transition times t ∼ T and
asymptotically late times t ≫ T expressed in panel B of Figs (1) and (2)
is the direct, mathematical consequence (by (11) and (38)) of properties of
the amplitude A(t) at these time regions. It is seen from these Figures that
at times t ≪ T , Γ (t) ≃ Γ 0M to a very high accuracy, then rapid and large
fluctuations of Γ (t) occur at the transitions time region t ∼ T , and for very
late times, t≫ T , Γ (t)→ 0 as t→∞ according to the result (45).
There is a widespread belief that quantum theory accurately depicts real-
ity. This belief is based on the facts that predictions of the quantum theory
were confirmed experimentally to a very high accuracy. So it should be ex-
pected with probability close to certainty that the experimental confirmation
of the presence of late time deviations from the exponential decay [19] means
that effects shown in panel (B) of Figs (1) and (2) should take place too, and
should manifest itself under suitable conditions. Results presented in Figs
(1), (2) were obtained for the Breit–Wigner energy distribution function,
ω(E) ≡
N
2pi
Θ(E − Emin)
Γ 0M
(E − E0M)
2 + (Γ 0M/2)
2
, (48)
assuming for simplicity that (E0M − Emin)/Γ
0
M = 10.
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5 Instantaneous energy EM(t) and the vac-
uum energy density
As it was mentioned in Sec. 2 in [3] the idea was formulated that in the case
of the metastable vacuum states some space regions or universes can survive
up to the times much later than times when the exponential decay law holds.
In the mentioned paper by Krauss and Dent the attention was focused on
the possible behavior of the unstable false vacuum at very late times, where
deviations from the exponential decay law become to be dominat. In [24]
it was concluded that such an effect has to change the energy, E0M of the
system in the false (metastable) vacuum state at these time t so that at very
long times E0M → EM (t) and at these times the typical form of EM(t) looks
as it is expressed in the formula of the type of (46).
The typical behavior of the energy EM(t) at canonical decay times t≪ T ,
at transition times t ∼ T and asymptotically late times t ≫ T is shown in
panels (C) of in Figs (1), (2) (see also [23]) where the function
κ(t) =
EM(t)−Emin
E0M − Emin
(49)
is presented. The red dashed line in these Figures denotes the value
κ(t) = 1, (t < T ), (50)
that is EM(t) = E
0
M . Note that there is E
0
M > Emin. From these Figures it
is seen that for t < T we have EM (t) = E
0
M whereas for t > T there is
EM (t)−Emin ≃ ± c2
~
2
t2
, (t≫ T ). (51)
When one considers a meta–stable (unstable or decaying) vacuum state,
|M〉 ≡ |0M〉, the following important property of κ(t) is useful:
κ(t) =
EM(t)−Emin
E0M − Emin
≡
ρM (t)− ρbare
ρ0M − ρbare
, (52)
where ρM(t) = EM (t)/V is the density of the vacuum energy in the decaying
vacuum state considered, V is a volume, ρ0M = E
0
M/V is the density of the
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Figure 1: Typical form of the decay curve (panel (A)), the decay rate (panel
(B)) and instantaneous energy (panel (C)) of an unstable state as a function
of time. Axes: In all panels x = t/τM (The time t is measured as a multiple
of the lifetime τM ); Panel (A) — y = P(t) (the logarithmic scale) — the
survival probability; Panel (B) — y = Γ (t)/Γ 0M ; Panel (C) — κ(t) (The
instantaneous energy in relation to the energy measured at canonical decay
times). The horizontal dashed line y = 1 represents in Panel (B) the value
of Γ (t)/Γ 0M = 1 whereas in Panel (C) it represents κ(t) = 1
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Figure 2: Enlarged part of Fig (1) showing the behavior the survival prob-
ability P(t), decay rate Γ (t) and E(t) at the of the transition times region.
Axes: y = Γ (t)/Γ 0M , x = t/τM . The horizontal dashed line y = 1 represents
in Panel (B) the value of Γ (t) ≡ Γ 0M whereas in Panel (C) κ(t) = 1
vacuum energy at times t < T , ρbare = Emin/V is the energy density in the o
the true (bare) vacuum state, |0 bare〉 ≡ |0 true〉, i.e., in the true ground state
of the system.
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From the last equations the following relation follows
ρM (t)− ρbare = (ρ
0
M − ρbare) κ(t).
Thus, because for t < T there is κ(t) = 1, one finds that
ρM (t) = ρ
0
M , for t < T,
whereas for t≫ T we have
ρM(t)− ρbare = (ρ
0
M − ρbare) κ(t) ≃ ± d2
~
2
t2
, (t≫ T ). (53)
Analogous relations (with the same κ(t)) take place for Λ(t) = 8piG
c2
ρM (t).
The important property of κ(t) is a presence of rapid fluctuations of the
high amplitude for times t ∼ T . This means that that in the case of a de-
caying (unstable) vacuum analogous fluctuations of the energy density ρM (t)
and Λ(t) should take place for t ∼ T . So if our Universe is the Universe with
the unstable vacuum as the mass of Higgs boson suggests then in agreement
with ideas expressed in [3] and we can conclude that our Universe is at the
region of times described by the form of κ(t) for t≫ T .
If one prefers to consider Λ(t) instead of ρM(t) then one obtains,
Λ(t)− Λbare = (Λ0 − Λbare) κ(t), (54)
or,
Λ(t) = Λbare + (Λ0 − Λbare) κ(t), (55)
where Λ0 =
8piG
c2
ρ0M and Λbare =
8piG
c2
ρbare.
One may expect that Λ0 equals to the cosmological constant calculated
within quantum field theory [25]. From (55) it is seen that for t < T ,
ΛM(t) ≃ Λ0, for (t < T ), (56)
because κ(t < T ) ≃ 1. Now if to assume that Λ0 corresponds to the value
of the cosmological constant Λ calculated within the quantum field theory,
than one should expect that [25]
Λ0
Λbare
≥ 10120, (57)
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(see [25]) which allows one to write down Eq. (55) as follows
ΛM(t) ≃ Λbare + Λ0 κ(t). (58)
Note that for t≫ T there should be (see (53))
Λ0 κ(t) ≃
8piG
c2
d2
~
2
t2
, for (t≫ T ), (59)
that is
ΛM(t) ≃ Λbare ±
β2
t2
, for (t≫ T ), (60)
where β2 = 8piG
c2
~
2 d2 and the sign of β
2 is determined by the sign of d2.
6 Discussion and conclusions
The problem how the process of expansion of an universe and its decay
process affect together on this universe is analyzed in Sec. 3. The possible
result of these combined processes is characterized by the condition (33).
The obvious next step of considerations performed in Sec. 3 and Sec. 4 is
to apply results obtained therein to analyze the possible future behavior of
the universe with unstable vacuum. In the case of very late times it can be
done inserting into (33), eg. the present value of the Hubble expansion rate
H(t) = H(t0) = H0 and the late time asymptotic form of the decay rate Γ (t)
given by relations (45) and (47),
Γ (t) ≃ 2(λ+ 1)
~
t
(for t≫ T ), (61)
where the the coefficient c3 in (45) is neglected, and assuming that t = t0,
(where t0 is the age of the our Universe). The only problem is to choose the
appropriate value of λ in (47). If to choose λ appearing in the case of the
decays into two particles, that is, λ = 1/2 (see, eg. [26]) , then inserting into
(33) the present values of H0 and t0 [5] one obtains that
dH,Γ ≃ −3.1707× 10
−19 < 0. (62)
This result suggests that in such a case the Universe can decay at suitable
late times, but such a conclusion can not be considered to be decisive and
final. First, taking into account the neglected term c3
~
3
t3
in (61) can result in
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changing the sing of dH,Γ . The second, there is no certainty that the choice
λ = 1/2 is the correct choice. In fact, it is not known what value of λ is
correct for decays of the unstable vacuum states and this problem requires
further studies.
It appears that for suitable values of λ the parameter dH,Γ is nonnegative.
The solution of the equation
dH,Γ
def
= 3H(t) −
2(λ+ 1)
t
= 0, (63)
which follows from (33) and (61) is
λ = 0.43097. (64)
This solution is obtained for the same values of H(t) = H0 and t = t0 which
were used to find the result (62). The result (64) means that there should be
dH,Γ ≥ 0 for 0 ≤ λ ≤ 0.43097, (65)
and
dH,Γ < 0 for λ > 0.43097, (66)
within the considered late time approximation (61) for Γ (t). So if the energy
distribution ω(E) for the universe in the metastable vacuum state is given
by the relation (42) with such λ that 0 ≤ λ ≤ 0.43097 then, rather such
a universe should not decay. This conclusion show how important is to
find ω(E) and thus λ for the metastable vacuum state of the universe. To
complete this discussion let us note that the Breit–Wigner energy distribution
function (48) corresponds to the case λ = 0. The another reason to study
properties of the metastable vacuum state and thus ω(E) for such states is
that the knowledge of the correct ω(E) is necessary when one wants to find
proper values and signs of the coefficients c2 appearing in relations (46) and
(51) and then d2 in (53).
Parametrization following from quantum theoretical treatment of meta-
stable vacuum states can explain why the cosmologies with the time–depen-
dent cosmological constant Λ(t) are worth considering and may help to ex-
plain the cosmological constant problem [27, 28]. The time dependence of Λ
of the type Λ(t) = Λbare +
α2
t2
was assumed eg. in [29] but there was no any
explanation what physics suggests such a choice of the form of Λ. Earlier
analogous form of Λ was obtained in [30], where the invariance under scale
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transformations of the generalized Einstein equations was studied. Such a
time dependence of Λ was postulated also in [31] as the result of the analysis
of the large numbers hypothesis. The cosmological model with time depen-
dent Λ of the above postulated form was studied also in [32] and in much
more recent papers.
The nice feature and maybe even the advantage of the formalism pre-
sented in Sections 4 and 5 is that in the case of the universe with metastable
(false) vacuum if one realized that the decay of this unstable vacuum state is
the quantum decay process then it emerges automatically that there have to
exist the true ground state of the system that is the true (or bare) vacuum
with the minimal energy, Emin > −∞, of the system corresponding to this
vacuum and equivalently, ρbare = Emin/V , or Λbare. What is more, in this
case such Λ ≡ Λ(t) emerges that at suitable late times it has the form de-
scribed by relations (58) — (60). In such a case the function κ(t) given by the
relation (49) describes time dependence for all times t of the energy density
ρM(t) or the cosmological ”constant” ΛM(t) and it general form is presented
in panels (C) in Figs (1) and (2). Note that results presented in Sections
4 and 5 are rigorous. The formalism mentioned was applied in [33, 34, 25],
where cosmological models with Λ(t) = Λbare ±
α2
t2
were studied: The most
promising result is reported in [25] where using the parametrization following
from the mentioned quantum theoretical analysis of the decay process of the
unstable vacuum state an attempt was made to explain the small today’s
value of the cosmological constant Λ. This shows that formalism and the
approach described in this paper and in [33, 34, 25] is promising and can
help to solve the cosmological constant and other cosmological problems and
it needs further studies, especially it to take into account the LHC result
concerning the mass of the Higgs boson [5] and cosmological consequences of
this result.
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